where e(v) denotes the eccentricity of v and diam (G) denotes the diameter of G. We say that a broadcast dominates G if every vertex can hear at least one broadcasting node. The upper domination number is the maximum cost of all possible minimal broadcasts, where the cost of a broadcast is defined as cost ( f ) = v∈V f (v). In this paper we establish both the upper domination number and the upper broadcast domination number on toroidal grids. In addition, we classify all diametrical trees, that is, trees whose upper domination number is equal to its diameter.
Introduction
The study of domination theory began in 1958 with Berge's book [2] which introduced the coefficient of external stability, later renamed the domination number. More than 80 domination related parameters have been defined and studied on graphs since then. In 1968, Liu discussed the concept of dominance in communication networks where the nodes represent cities with broadcast stations, and two cities (nodes) are connected by an edge if they can hear each other's broadcasts. In this instance, a dominating set is a collection of cities whose broadcasts reach every city in the network [20, Example 9.1] . In his 2004 PhD thesis, Erwin generalized this concept of domination to model the situation where the cities may build broadcast stations that can broadcast across multiple edges, but where the cost of building a stronger broadcast station is proportional to the strength of the broadcast [11] . In this model, a broadcast on a graph G = (V, E) is a function f : V → {0, 1, . . . , diam (G)} satisfying f (v) ≤ e(v) for all v ∈ V, where e(v) denotes the eccentricity of v and diam (G) denotes the diameter of G. The cost of a broadcast f is the sum cost ( f ) =
Restricting the strength of all broadcasts to f : V → {0, 1}, we recover the (regular) domination number γ and upper domination number Γ. Domination of grids P n P m and toroidal grids C m C n has been the focus of a considerable amount of literature over the past 30 years [1, 7, 8, 10, 12, 13, 16, 17, 22] . More recently, the broadcast domination of products of paths and cycles has also received a great deal of attention [3, 4, 5, 9, 18, 19] . In particular in 2014, Brešar andŠpacapan studied broadcast domination in graph products. Their work showed that γ b (C m C n ) = rad (C m C n ) − 1 if and only if m and n are both even and γ b (C m C n ) = rad (C m C n ) otherwise [5, Theorem 4.6] . In a related paper, Koh The second main result is proved in Theorem 3.7.
Theorem B. For any 3 ≤ m ≤ n, the upper broadcast domination number of C m C n is
where Γ b (C n ) is equal to n − 2 is n is even and n − 3 if n is odd.
Motivated by an open question posed by Dunbar et al., Herke and Mynhardt studied graphs G with γ b (G) = rad (G) and called these graphs radial graphs. They classified all radial trees as trees whose diametrical path can be split into two even length pieces by removing a path consisting of vertices of degree 2 [15, Theorem 1] . In light of this work, it seems natural to consider diametrical graphs, i.e., graphs G whose upper broadcast domination number equals the diameter, Γ b (G) = diam (G). Interestingly enough, while this manuscript was in preparation, a preprint by Mynhardt and Roux appeared on the arXiv that posed the classification of all diametrical trees as an open problem [21, Problem 7] . In Section 4 we classify all diametrical trees by proving that diametrical trees are a subfamily of lobster graphs. The main theorem of Section 4 is the following result:
Theorem C. A tree T is diametrical if and only if it is a lobster graph containing only limbs of types A, B, and C depicted in Figure 1 such that the number of limbs is less than half the diameter of the graph and the distance between each pair of adjacent limbs or an endpoint e i satisfies the following inequalities.
The rest of this paper is structured as follows: In Section 2 we provide necessary definitions and background to state our main results precisely. Section 3 contains results with regard to C m C n and Section 4 contains results concerning diametrical graphs including a classification of diametrical trees. We conclude our paper with Section 5 which states a few open problems. [v] . A dominating set is a collection S ⊆ V of vertices in V such that every vertex v ∈ V is either in S or it has a neighbor in S . The cardinality of the smallest possible dominating set, denoted γ(G), is called the domination number of G. A set S is called a γ-set if S is a dominating set of G with |S | = γ(G). We say that a dominating set S is minimal if removing any vertex from S results in a set that no longer dominates G. The cardinality of the largest possible minimal dominating set is called the upper domination number of G, denoted Γ(G). A set S is called a Γ-set if S is a minimal dominating set of G with |S | = Γ(G).
Example 2.1. Let G be the graph depicted in Figure 2 . Then the open and closed neighborhoods of The distance between two vertices v and w is the minimum number of edges between v and w, denoted d (v, w) . The eccentricity of the vertex v in G is the maximum distance from v to any other vertex u in V. We denote this set as
The radius of G is the minimum eccentricity among the vertices of G and the diameter of G is the maximum eccentricity among the vertices of G. We denote them respectively as
A broadcast on a graph G is a function f : V → {0, ..., diam (G)} such that for every vertex v ∈ V(G), f (v) ≤ e(v). We let V + f denote the set of broadcasting vertices for f . If the broadcast is well understood, we simplify the notation to V + . The set of vertices that a vertex v ∈ V can hear is defined as
, and the broadcast neighborhood of a broadcasting
We say that a vertex u is a private f -neighbor, or simply private neighbor, of a vertex v if it is in the set {u ∈ V | H(u) = {v}}.
The cost of a broadcast f is the value
We say that a broadcast dominates a graph if every vertex in the graph hears at least one broadcasting vertex. That is, for every v ∈ V there is a u ∈ V + f such that d(u, v) ≤ f (u). A dominating broadcast f is called minimal if decreasing the strength of any broadcasting vertex v ∈ V + f results in a non-dominating broadcast. Given a graph G, its broadcast domination number, denoted γ b (G), is defined to be the smallest cost of all minimal dominating broadcasts, that is
f is a minimal dominating broadcast on G}, and its upper broadcast domination number, denoted Γ b (G), is defined to be the maximum cost of all minimal broadcasts, that is,
A broadcast f is said to be efficient if every vertex v ∈ V hears only one broadcasting vertex. Figure 2 , the three broadcasts are defined as
We see that f is a γ b -broadcast, while g and h are both Γ b broadcasts. Of these three broadcasts, only g is efficient, as
The Cartesian product of the graphs G 1 and G 2 is denoted by G 1 G 2 with vertex set
Any two vertices (u 1 , u 2 ) and (v 1 , v 2 ) are adjacent in G 1 G 2 if and only if either
Henceforth in this paper, we set 1 ≤ m ≤ n and label the vertices of any G m,n or C m C n by the convention:
. . , v m,n where the first subscript denotes the row the vertex is in, the second subscript denotes the column the vertex is in, and v 1,1 is in the upper left corner while v m,n is in the lower right.
In this section we find the exact values for Γ(C m C n ) and Γ b (C m C n ) of m × n toroidal grids and compare these results with those already existing in the literature on (broadcast) domination theory of toroidal grids. We start by stating an obvious relationship between the domination theory of grids and toroidal grids. 
Proof. Let S be a ∆-dominating set for G m,n . Adding edges to connect the vertices v 1,i to v m,i for all i ∈ {1, . . . , n} and v i,1 to v i,n for all i ∈ {1, . . . , m} in G m,n yields the toroidal grid C m C n . The set S also dominates C m C n . (Note S may not be a minimal ∆-dominating set for C m C n .) Therefore
The domination number of C m C n for m = 3, 4, and 5 was first considered by Klavzar and Seifter in 1995 , where they showed the following results hold for n ≥ 4 [17, Theorems 2.3 -2.5]:
These results provide equations or lower bounds on the domination number of the toroidal graphs C m C n for m = 3, 4, and 5. We provide equations for the upper domination number of toroidal graphs in Theorem 3.4, but first in the following theorem we prove a formula for the upper domination number of the toroidal graph C 3 C n .
Theorem 3.2. The upper domination number of C 3 C n is given by
Proof. Define a broadcast f on C 3 C n by f (v 2,i ) = 1 and f (v) = 0 for all other v ∈ C m C n , as shown in Figure 4 . Since each broadcasting vertex v j,i ∈ V + f has a private neighbor in its column, this broadcast is minimal [9, Theorem 3] . This implies that Γ(C 3 C n ) ≥ n. To see that Γ(C 3 C n ) ≤ n, note that if we place more than one dominating vertex in any column, then the resulting dominating set is not minimal. Thus any minimal dominating set can have at most one vertex in each column. This proves that Γ(C 3 C n ) = n. The following lemma will prove useful in subsequent proofs. 
if m odd, n even
Proof. Consider an m × n grid to be the integer lattice. Recall that we label the vertices of the graph in a grid-like fashion
We proceed by cases to construct a minimal dominating set of maximal cardinality.
Case 1: Assume that m, n are even. Let
This set is a dominating set because each node in this set dominates its four neighboring nodes. We see this illustrated in Figure 5 (a). Case 2: Assume m is even and n is odd. Let
By Case 1, V + dominates the vertices in the subgraph G m,n−1 . The vertices in the last column,
We see this illustrated in Figure 5 (b).
Case 3: Assume m is odd and n is even. Let
By Case 1, V + dominates the vertices in the subgraph G m−1,n . The vertices in the last row,
Case 4: Assume m and n are both odd. Let
By Cases 2 and 3, V + dominates the vertices in the subgraphs G m,n−1 and G m−1,n . The vertex v m,n is in the dominating set itself and so is covered. We see this in Figure 5 (c).
Applying Lemma 3.3 to each case shows that there are no larger minimal dominating sets for each case.
We now consider the upper broadcast domination number Γ b of cycles and products of cycles. 
Proof. The result for n = 3 becomes clear when V 
We use these two facts to prove that
Note that if g is a minimal broadcast on C n with V
⌋ for some v ∈ C n , then every vertex in C n hears the broadcast from v. Hence any minimal broadcast g with two or more broadcasting vertices must have
To prove cost (g) ≤ n − 2, we assume for the sake of contradiction that there is a minimal broadcast g :
But any collection of more than n − 2 edges in C n contains a single path of length n − 1, and if the image of ε is a path P n−1 then V + g contains only a single vertex. Thus cost (g) ≤ ⌊ n 2 ⌋ < n − 1. Having arrived at a contradiction, we conclude that cost (g) ≤ n − 2 for any minimal broadcast g and Γ b (C n ) ≤ n − 2.
Next we assume that n is odd and show that cost (g) ≤ n − 3 for any minimal broadcast on C n . Assume for sake of contradiction, that g is a minimal broadcast on C n with cost (g) = n − 2. Then
is a disjoint union of two or more paths in C n . Up to symmetry, there is only one way to place two or more disjoint paths of length at most ⌊ n 2 ⌋ on C n whose union contains n − 2 edges: that is to place two paths ε(v) and ε(u) with |ε(v)| = , and the broadcast is not minimal. Hence Γ b (C n ) ≤ n − 3 when n is odd.
We have proved that any minimal broadcast g on C n must satisfy the inequalities in Equation (1), we now define minimal broadcasts f e and f o on C n such that cost ( f e ) = n − 2 when n is even and cost ( f o ) = n − 3 when n is odd. When n is even we define f e (v 1 ) = f e (v n ) = n−2 2 . This broadcast is minimal because v 1 has a private f e -neighbor v n/2 and v n has a private f e -neighbor v (n+2)/2 . When n is odd we define
. This broadcast is minimal because v 2 has a private f o -neighbor v (n+1)/2 and v n has a private f o -neighbor v (n+3)/2 . With Theorem 3.5 in hand, we are ready to prove the second main result of this section. 
Proof. Let f be the following broadcast on C m C n , where
Then by the pigeonhole principle, there must exist at least one row of vertices, say {v i,1 , . . . , v i,n } such that the cost of the broadcast in that particular row is greater than Γ b (C n ). Then the graph contains a subgraph of a cycle C n with minimal broadcast more than Γ b (C n ). This contradicts Theorem 3.5.
Diametrical Graphs
We call a graph G a diametrical graph if diam (G) = Γ b (G). Diametrical graphs have the property that their most costly minimal broadcast can be obtained by a single broadcasting node v lying at one end of a diametrical path in G by setting f (v) = diam (G). (However, there may be many more minimal broadcasts whose cost is diam (G).) Predictably, we say a graph G is non-diametrical if it is not diametrical.
The goal of this section is to prove Theorem 4.1, which classifies all diametrical trees by showing that they form a subfamily of lobster graphs with special restrictions placed on the shape and spacing of their limbs, that is, subtrees protruding from the central diametrical path of the lobster graph. This answers an open question posed by [21, Problem 7] .
Theorem 4.1. A tree T is diametrical if and only if it is a lobster graph containing only limbs of types (A), (B), and (C) depicted in Figure 6, the number of limbs is less than half the diameter of the graph, and the distance between each pair of adjacent limbs or an endpoint e i satisfies the following inequalities. d(A, A) ≥ 4 d(A, B) ≥
Before proceeding to the proof of Theorem 4.1 we give an example of how to apply the theorem. Figure 7 shows a diametrical tree on the left and a non-diametrical tree on the right. The tree on the left contains all three types of limbs (A), (B), and (C) that are allowed in a diametrical tree and conforms to the spacing constraints described in Theorem 4.1:
The tree on the right is not diametrical as it contains an illegal limb X of length 3; it also contains a pair of legal limbs of types B and C that are too close together with d(B, C) = 1. 
Lemma 4.3 ([9], Theorem 5). If G is a graph of size m (containing m edges), then Γ b (G) ≤ m with equality if and only if G is a nontrivial star or path.

A Proof of Theorem 4.1.
The rest of this section is dedicated to proving Theorem 4.1 via a series of lemmas. We begin by showing that concatenating any two diametrical trees results in another diametrical tree. Next we show in Lemma 4.6 that if a tree has a limb with length longer than two, then it cannot be diametrical. This reduces the number of cases that we need to consider. We look at the six possible limb variations on a tree when limbs longer than two are not considered.
Three of the variations result in a tree that is non-diametrical and the remaining three variations result in trees that may be diametrical depending on the spacing between the limbs. Lemma 4.7 proves the non-diametrical nature of three of the variations. Lemmas 4.8 and 4.9 discuss the three variations that result in trees that may or may not be diametrical. They show that when a limb of that variation is part of a tree that is otherwise diametrical, it stays diametrical. Next we provide a sufficient condition for identifying non-diametrical graphs G. This allows us to prove that a special case which on first glance may seem diametrical, is in fact non diametrical. Lastly, we prove in Lemmas 4.13 and 4.14 the restrictions on the spacing between two limbs of the same or different varieties that result in a diametrical tree.
We begin by setting notation that is used for the remainder of the paper. Set T to be a tree with diam 
Notice that when there exist multiple limbs of distance two from the same vertex on the path D, we add another number to its subscript ordering the vertices from left to right.
In our diagrams we use a box with a label d i in it to denote a diametrical subgraph of the tree containing d i edges from the diametrical path D. This means that the most costly minimal broadcast on this subtree has cost d i . A demonstration of the box notation is on the left and an example using the box notation can be seen on the right. The following pair of lemmas prove that adjoining two diametrical trees with a path of any length will always result a diametrical tree. Thus to show that a tree is diametrical, it suffices to show that the separate pieces of the tree are diametrical. We say that the path Our next lemma shows that diametrical trees form a subclass of lobster graphs, which is the first claim in Theorem 4.1.
Lemma 4.6. Let T be a tree with diametral path D. Then T is non-diametrical if it contains a vertex v i on D such that a limb of length ℓ > 2 protrudes from it.
Proof. Let L be a limb of length ℓ > 2 protruding from v i . Let v denote the vertex on L that is distance ℓ from the central path D. Define a broadcast f on T so that
The previous lemma shows that, a priori, there are only a six types of limbs that can protrude from the central path of a diametrical tree. They are the six limbs of length 2 or less shown below.
The next lemma shows that the top three limbs depicted above (which each contain 3 edges) are not allowed in a diametrical tree.
Lemma 4.7. Let T be a tree. Then T is non-diametrical if it contains any of the following conditions as a subgraph:
( Proof. For each condition, it suffices to find a broadcast f such that cost ( f ) > diam (T ). We give one such broadcast for each of the three types of graphs.
First we prove (i). Let v i be a vertex on D such that the subtree protruding from v i contains a vertex v i,1 of degree greater than 2. Then there are at least two vertices v i,1,1 and v i,1,2 protruding from v i,1 . Define a broadcast f so that
To prove (ii), define a broadcast f on T so that
Finally, to prove (iii), suppose that T contains a node v i on D such that v i has three or more protrusions from it. Then there are vertices v i,1 , v i,2 , . . . , v i,k with k ≥ 3. Define a broadcast f on T so that
We now show that the limbs of types (A), (B), and (C) are allowed in diametrical trees. 
as any other broadcast on these subgraphs will be less costly). Then there are only finitely many minimal broadcasts on the remaining branch protruding from v i . We depict the most costly of all broadcasts on each branch, and note that the resulting broadcast still satisfies cost ( f ) ≤ diam (T ).
One can easily verify that each of these broadcasts is minimal and that the cost of each broadcast is at most d. Hence these broadcasts all satisfy cost ( f ) ≤ diam (T ). 
Lemma 4.9. Let T be a diametrical tree. Let e 1 , e 2 denote the two endpoints of a diametrical path D in T . The minimum distance between a limb of type (A), (B), or (C) and an endpoint e i satisfies one of the following equalities:
We next give a sufficient condition, based on the number of vertices |V| in G, for identifying non-diametrical graphs G. •
For the first graph, there is a minimal broadcast f with cost ( 
Note that for a graph to be non-diametrical, there must be a labelling with overlapping broadcasts, that is, the broadcast must be inefficient. Because the graphs involved are trees, all overlaps can be detected by considering the interactions between the broadcasts covering two distinct protrusions. Thus, to determine if a tree is diametrical or not, we need only look at how two protrusions interact.
To accomplish this, we show the smallest distance necessary between pairs of legal limbs on a diametrical path for the resulting tree to be diametrical. What is considered to be sufficient distance varies depending on the type of protrusions involved. To prove that the resulting graphs are diametrical, we show that the most costly, minimal broadcast on G satisfies cost ( f ) = Γ b (G), and then argue that no other minimal broadcast is more costly. The cases depicted above show the smallest distance between legal protrusions that result in diametrical broadcast.
We have shown that the only possible diametrical trees must be lobster graphs where the number of limbs is less than half the diameter of the tree and the distance between pairs of adjacent limbs or an endpoint satisfies the inequalities in Theorem 4.1.
Diametrical Grids and Cycles.
The following result is a simple corollary to Theorem 3.5. 
Proof. One can easily verify that
Thus C 3 , C 4 , and C 5 are diametrical. To see that no other cycle is diametrical, we recall that the diameter of C n is diam (C n ) = n 2 and by applying Theorem 3.5 we find that 
We begin by fixing m = 3 and inducting on n.
Inductive
Step: Let m = 3 and n > 3. Assume the desired result holds for n. When n is even, this implies the result diam (C 3 C n ) = ⌊3/2⌋ + ⌊n/2⌋ = 1 + n/2 < 3(n − 2) holds. Then for n + 1 we have
where the third step follows from the inductive hypothesis. When n is odd,this implies the result
holds. Then for n + 1 we have
where the fifth step follows from the inductive hypothesis. The above argument is the base case for induction on m. We assume that diam (C m C n ) < Γ b (C m C n ) for a fixed m and all n ≥ m. If m is even, this implies the result
holds. In particular, the results holds for a fixed n ≥ m + 1. Then for m + 1 we have
The case where m is odd is similar. Hence the graphs C m C n are non-diametrical.
Corollary 4.17.
The only grid that is diametrical is G 2,2 = P 2 P 2 .
Proof. We assume that without loss of generality that 1 ≤ m ≤ n. Label the vertices of the grid G m,n = P m P n by V = {v 1,1 , v 1,2 , . . . , v 1,n , v 2,1 , . . . v 2,n , . . . , v 1,n , . . . , v n,n } and define a broadcast f on G m,n so that f (v i,1 ) = n − 1. This broadcast is minimal, which shows that Γ b (G m,n ) ≥ m(n − 1). Also note that the diameter of the grid G m,n is diam G m,n = m + n − 2. Therefore, in order for diam (P m P n ) = Γ b (P m P n ) we must have m + n − 2 ≥ m · (n − 1) ⇐⇒ m + n − 2 = mn − m ⇐⇒ 2m − mn = 2 − n ⇐⇒ (2 − n)m = 2 − n ⇐⇒ (n − 2)(m − 1) = 0
Hence G m,n is diametrical if and only if m = 1 and n ∈ Z, that is, a path P n , or when n = 2 and 1 ≤ m ≤ 2, that is, the grid G 2,2 .
4.3. Diametrical Graphs with Non-diametrical Subgraphs. In section 4.1, we are able to classify diametrical trees. In this section, we consider another obvious type of graph, the cycle. By Corollary 4.15, we know that the cycle is non-diametrical for all n ≥ 6. Our goal was to take the cycle and modify it by adding paths to vertices on opposite (or near opposite if the cycle is odd) sides of the cycle in an effort to increase the diameter of the graph. The hope was that the diameter would increase at a greater pace than the upper broadcast domination number. We observe this in the example below. One can check that although this pattern of modification to create a diametrical graph from a cycle works for a few cycles, it breaks down once we consider C 12 .
It should be noted that the following example shows that there are diametrical graphs such that they have non-diametrical subgraphs. In this case the non-diametrical subgraph is that of C 6 . 
Open Questions
We conclude this paper with a list of open questions raised by our results or restated from references. Many of these questions may serve as good primers for research projects with master's and undergraduate students. 
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